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Abstract
We develop the Wigner phase space representation of a kicked particle for an arbitrary but periodic
kicking potential. We use this formalism to illustrate quantum resonances and anti–resonances.
1 Introduction
For many years the field of quantum chaos [1, 2, 3] had been the exclusive play–ground of theoretical
physics. However, the recent success in experimentally realizing cold atom sources and the newly emerging
field of atom optics [4, 5, 6] are slowly changing this situation in favor of experimental physics. Indeed, a
series of atom optics experiments [7, 8, 9, 10] has verified fingerprints of quantum chaos such as dynamical
localization, quantum resonances, quantum dynamics in a regime of classical anomalous diffusion and
accelerator modes. Even the reconstruction of the wave function of the kicked particle in amplitude and
phase seems now to be feasible [11].
Quantum effects are due to quantum interference. Interference phenomena stand out most clearly in
the Wigner function description of quantum theory [12]. This feature serves as our motivation to develop
in the present paper the Wigner function treatment of a kicked particle. Similar steps have already been
taken in [13, 14, 15, 16, 17]. However, our motivation and ultimate goal is slightly different: We try to
gain a deeper understanding of dynamical localization. In this spirit the purpose of the present paper is
to lay the foundations for this long term goal and to summarize the inevitable formalism.
Our paper is organized as follows: In Sec. 2 we briefly review the essential ingredients of the delta
function kicked particle. Here, we do not specify the kicking potential but only assume that it is periodic
in space. Moreover, we introduce dimensionless variables which we use throughout the paper. In this
way only two dimensionless parameters — the scaled Planck’s constant and the scaled kicking strength
— determine the quantum dynamics of this model. In Sec. 3 we derive the stroboscopic time evolution,
that is the maps for the state vector and the Wigner function. We then in Sec. 4 use the state vector map
to review the effect of quantum resonances. Section 5 is dedicated to an illustration of this phenomenon
and of anti–resonances in Wigner phase space. We conclude in Sec. 6 by summarizing our main results.
In order to keep the paper self–contained we have included the relevant calculations in three Appendices.
2 The model
In the present section we briefly summarize the classical and quantum mechanical model of the kicked
particle. In contrast to the standard treatments we do not specify the form of the kicking potential,
except that it should be periodic in space. Moreover, we introduce dimensionless variables which reduce
the number of parameters. We first consider the motion of a classical particle of mass M , characterized
by coordinate x˜ and momentum p˜. Then we turn to the quantum description.
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The motion of the particle is driven by a sequence of δ–function kicks with period T described by the
Hamiltonian
H˜ =
p˜2
2M
+ K˜V˜ (x˜)
∞∑
n=−∞
δ(t˜− nT ). (1)
The strength of the kick depends on the position of the particle via a potential K˜V˜ (x˜) where K˜ denotes
the kick amplitude and V˜ (x˜) contains the spatial dependence with unit amplitude. Throughout the
paper we consider potentials which are periodic with period λ ≡ 2pi/k0. Moreover, we also assume the
symmetries V˜ (−x˜) = −V˜ (x˜) and V˜ (x˜± λ/2) = −V˜ (x˜).
For the further analysis it is convenient to use scaled variables. In particular, we introduce the
dimensionless coordinate x ≡ k0x˜, momentum p ≡ (k0T/M)p˜ and time t ≡ t˜/T . With these variables
the Hamiltonian, Eq. (1), transforms into
H˜ ≡
M
k20T
2
H
where
H ≡
1
2
p2 +KV (x)
∞∑
n=−∞
δ(t− n) (2)
includes the stochasticity parameter K ≡ K˜k20T/M and the scaled potential V (x) ≡ V˜ (x/k0) now enjoys
the period 2pi.
We now turn to the quantum description with position and momentum operators ˆ˜x and ˆ˜p. They
satisfy the familiar commutation relation [ˆ˜x, ˆ˜p] = ih¯ which in dimensionless variables reads [xˆ, pˆ] = ik- .
Here we have introduced the scaled Planck’s constant k- ≡ h¯k20T/M .
Moreover, in these dimensionless variables the Schro¨dinger equation
ih¯
∂
∂t˜
|ψ 〉 =
ˆ˜
H |ψ 〉
takes the form
ik-
∂
∂t
|ψ 〉 = Hˆ |ψ 〉 (3)
where we have replaced in the classical Hamiltonian H , Eq. (2), the position and momentum x and p by
the corresponding operators giving rise to the quantum mechanical Hamiltonian Hˆ .
3 Time evolution
We now turn to the discussion of the time evolution of this kicked system. Here we pursue two different
approaches: we first concentrate on the dynamics of the state vector, and then use these results to derive
the time evolution of the Wigner phase space distribution. Due to the stroboscopic behavior of the
potential energy we reduce the continuous time evolution to a discrete mapping.
3.1 State vector
The Hamiltonian
Hˆ ≡
pˆ2
2
+KV (xˆ)
∞∑
n=−∞
δ(t− n)
consists of two parts: (i) The operator of kinetic energy and (ii) the operator of potential energy which
is explicitly time dependent. However, the latter part is only of importance for integer t. Between two
kicks it vanishes and the state |ψn 〉 evolves freely according to
|ψ′n 〉 = Uˆfree(pˆ)|ψn 〉 ≡ exp
[
−i
pˆ2
2k-
]
|ψn 〉. (4)
Here, we have propagated the state over one time unit t = 1.
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For integer t, the potential energy dominates over the kinetic energy and we can neglect it. This feature
allows us to integrate the Schro¨dinger equation, Eq. (3), over one kick. The state |ψn+1 〉 immediately
after a δ–function kick is related to the state |ψ′n 〉 just before the kick by
|ψn+1 〉 = Uˆkick(xˆ)|ψ
′
n 〉 ≡ exp
[
−i
K
k-
V (xˆ)
]
|ψ′n 〉. (5)
We emphasize that neglecting the kinetic energy is not an approximation since the δ–function only acts
at an instant of time with an infinite strength.
When we combine Eqs. (4) and (5) the complete time evolution over one period reads
|ψn+1 〉 = Uˆkick(xˆ)Uˆfree(pˆ)|ψn 〉 = exp [−iκV (xˆ)] exp
[
−i
pˆ2
2k-
]
|ψn 〉 (6)
and maps the state |ψn 〉 onto |ψn+1 〉. Here we have introduced the abbreviation κ ≡ K/k- .
We find the quantum state |ψN 〉 after N kicks by applying the Floquet operator
Uˆ(xˆ, pˆ) ≡ Uˆkick(xˆ)Uˆfree(pˆ) (7)
N times onto the initial state |ψ0 〉.
Since the potential V (x) is periodic, that is V (x + 2pi) = V (x), the kick operator exp [−iκV (xˆ)] is
also periodic and we can expand it into Fourier series
Uˆkick(xˆ) = e
−iκV (xˆ) =
∞∑
l=−∞
Sl (κ) e
−ilxˆ (8)
with expansion coefficients
Sl (κ) ≡
1
2pi
pi∫
−pi
dξ eilξe−iκV (ξ). (9)
In this Fourier representation the operator nature of the Uˆkick only enters through the Fourier operator
exp[−ilxˆ].
With the the help of the relation Eq. (8) the Floquet operator Eq. (7) takes the form
Uˆ(xˆ, pˆ) =
∞∑
l=−∞
Sl (κ) e
−ilxˆ exp
[
−i
pˆ2
2k-
]
.
We conclude this subsection by discussing the action of this operator on a momentum eigenstate. For
this purpose we calculate the representation of Uˆ in the momentum basis by inserting the completeness
relation 1l =
∫
dp | p 〉〈 p | twice. When we recall the formula
e−ilxˆ| p 〉 = | p− lk- 〉 (10)
we arrive at
Uˆ =
∞∫
−∞
dp
∞∑
l=−∞
Sl(κ) exp
[
−i
p2
2k-
]
| p− lk- 〉〈 p |. (11)
Hence, the Floquet operator Uˆ couples only momentum eigenstates separated by integer multiples of k- .
3.2 Wigner function
We now analyze the dynamics of the kicked particle from the point of view of phase space. In particular,
we discuss the time evolution of the corresponding Wigner function. Two possibilities offer themselves:
(i) We can solve the quantum Liouville equation [12] of the kicked particle, or (ii) we can use the mapping
of the state vectors derived in the preceding section to obtain a mapping of the corresponding Wigner
functions. In the present section we pursue the second approach.
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For this purpose we recall the definition
Wn+1(x, p) ≡
1
2pik-
∞∫
−∞
dξ e−ipξ/k
-
〈x +
1
2
ξ|ψn+1〉〈ψn+1|x−
1
2
ξ〉 (12)
of the Wigner function of the state |ψn+1 〉.
When we substitute the mapping, Eq. (6), into the right-hand side of Eq. (12), we arrive at
Wn+1(x, p) =
1
2pik-
∞∫
−∞
dξ e−ipξ/k
-
Ukick(x + ξ/2)U
∗
kick(x− ξ/2)〈x+ ξ/2|Uˆfree|ψn〉〈ψn|Uˆ
†
free|x− ξ/2〉. (13)
Here we have used the property Uˆkick(xˆ)|x 〉 = Ukick(x)|x 〉.
Since the potential V (x) is periodic, the bilinear form
Ukick(x+ ξ/2)U
∗
kick(x− ξ/2) = e
−iκ[V (x+ξ/2)−V (x−ξ/2)] ≡ e−iκV(x,ξ/2)
with the generalized potential
V(x, y) ≡ V (x + y)− V (x− y) (14)
is also periodic in ξ/2 with period 2pi. We can therefore expand
e−iκV(x,ξ/2) =
∞∑
l=−∞
Sl(κ;x)e
−ilξ/2 (15)
into a Fourier series where the expansion coefficients
Sl(κ;x) ≡
1
2pi
pi∫
−pi
d
(
ξ
2
)
eilξ/2e−iκV(x,ξ/2) (16)
still depend on the position x and are periodic with a period of 2pi.
With the help of the Fourier series, Eq. (15), the mapping of the Wigner function, Eq. (13), yields
Wn+1(x, p) =
∑
l
Sl(κ;x)
1
2pik-
∞∫
−∞
dξ e−i(p+lk
-/2)ξ/k- 〈x+ ξ/2|Uˆfree|ψn〉〈ψn|Uˆ
†
free|x− ξ/2〉. (17)
We can identify the remaining integral in Eq. (17) when we recall [12] that the free time evolution
W (x, p; t) =
1
2pik-
∞∫
−∞
dξ e−ipξ/k
-
〈x+
1
2
ξ| exp
[
−i
pˆ2
2k-
t
]
|ψ〉〈ψ| exp
[
i
pˆ2
2k-
t
]
|x−
1
2
ξ〉
of the Wigner function follows from the Wigner function of the initial state |ψ 〉 by replacing the position
x by x− pt, that is
W (x, p; t) =W (x− pt, p; t = 0).
Hence, the integral in Eq. (17) is the Wigner function of the state |ψn 〉 propagated for the time t = 1
and evaluated at the shifted momentum p+ lk-/2.
Consequently, the recursion formula, Eq. (17), for the mapping of the Wigner function of the kicked
particle takes the form
Wn+1(x, p) =
∑
l
Sl(κ;x)Wn (x− (p+ lk-/2) , p+ lk-/2) . (18)
We recognize that this mapping describes a shearing of the distributionWn+1 along the x–axis due to the
free time evolution. The successive kick causes a displacement in momentum with the position–dependent
weight factor Sl(κ;x).
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In contrast to the mapping of the state vector, Eq. (6) the Wigner function map also involves contri-
butions at half integer multiples of k- . These additional terms reflect the interference nature of quantum
mechanics. They are the analogies of the positive and negative interference structures of a Schro¨dinger cat
[18] which are located half way between the classical parts. Moreover, they dissappear when we integrate
over position space in order to obtain the momentum distribution. We show this property explicitly in
Sec. 5.
In the Wigner function treatment of the kicked particle the expansion coefficients Sl(κ;x) play the
same role as the coefficients Sl(κ) in the state vector description. For a brief comparison between these
two quantities and a discussion of their properties we refer to Appendix A.
4 Quantum Resonances viewed from State Space
In this section we use the mapping of the wave function, Eq. (6), to discuss a characteristic effect in the
time evolution of the kicked particle: the phenomenon of quantum resonances. The size of the scaled
Planck’s constant k- is a decisive factor for the occurrence of quantum effects in the time evolution of
the kicked particle. In particular, we obtain dramatically different dynamics for k- being a rational and
irrational multiple of 4pi. In particular, we show that for k- = 4pi and integer multiples resonances occur
and the average kinetic energy increases quadratically with the number of kicks.
For the value of k- = 4pi the mapping defined by the Floquet operator Uˆ , Eq. (7), simplifies significantly.
In order to illustrate this interesting dynamics we consider the state
|ψN 〉 = Uˆ
N | p = 0 〉 = UˆkickUˆfree · . . . · UˆkickUˆfree| p = 0 〉
after N kicks where the Floquet operator Uˆ ≡ UˆkickUˆfree acts N times on the initial state | p = 0 〉.
The consequences of the choice k- = 4pi stand out most clearly when we consider the free time evolution
Uˆfree| lk- 〉 = exp
[
−i
pˆ2
2k-
]
| lk- 〉 = exp
[
−il2
k-
2
]
| lk- 〉
of momentum eigenstates | lk- 〉 between two kicks. Indeed, for k- = 4pi or a integer multiple the phase
accumulated by the momentum eigenstate | lk- 〉 = | l · 4pi 〉 during the free propagation is 2pi or an integer
multiple, that is
Uˆfree| l · 4pi 〉 = e
−2piil2 | l · 4pi 〉 = | l · 4pi 〉. (19)
Hence, for this particular value of k- the momentum eigenstates are invariant under free time evolution.
According to Eq. (11) the kick operator Uˆkick couples momentum eigenstates separated by integer
multiples of k- . Since we start from the momentum eigenstate | p = 0 〉 we have a superposition of
momentum eigenstates | lk- 〉 after every kick. For k- = 4pi these states are invariant under free time
evolution and the state after N kicks reads
|ψN 〉 = Uˆ
N
kick| p = 0 〉 = e
−iNκV (xˆ)| p = 0 〉 =
∞∑
l=−∞
Sl (Nκ) | − l · 4pi 〉
where in the last step we have used the Fourier decomposition, Eq. (9), and the shift relation, Eq. (10).
With the help of the resulting momentum distribution
WN (p) = |〈 p |ψN 〉|
2
=
∑
l
S2l (Nκ)δ(p+ l · 4pi), (20)
which involves momenta at p = l · 4pi with weight factor S2l , we evaluate the mean energy
E ≡
〈
1
2 pˆ
2
〉
=
∞∫
−∞
dp 12p
2WN (p) = 8pi
2
∑∞
l=−∞ l
2S2l (Nκ)
of the system after N kicks.
In Appendix B we calculate this sum over the expansion coefficients Sl and find
E =
1
2
〈F 2〉KN2
5
where 〈F 2〉 is the square of the force F = −dV/dx averaged over one period. Moreover, we have recalled
the abbreviation κ ≡ K/k- = K/(4pi).
Hence, for the special choice of k- = 4pi the energy increases quadratically with the number of kicks.
From Eq. (19) we note that also integer multiples of k- = 4pi leave the momentum eigenstates invariant.
Consequently, the resonance also occurs in these cases.
We conclude this section by briefly explaining our special choice of the initial state | p = 0 〉. In
this case the Floquet operator, Eq. (11), only maps this initial state onto discrete momentum eigenstates
p = lk- . During the dynamics we therefore always stay in a momentum ladder starting at zero momentum.
Moreover, these eigenstates are invariant under the unitary transformation of the free time evolution
provided k- = 4pi.
However, there is one more reason for choosing | p = 0 〉 as our initial state. Due to the discreteness
of the momentum variable the spatial wave function has always a period of 2pi. We would have found
the same result if we had imposed periodic boundary conditions corresponding to a kicked rotor. Hence,
the mathematics of the kicked particle with zero initial momentum eigenstate and the kicked rotor is
identical.
5 Quantum Resonances viewed from Wigner Phase Space
How does a quantum resonance reflect itself in phase space? In order to answer this question we consider
the map, Eq. (18), of the Wigner function.
5.1 Wigner function after second kick
The Wigner function of our initial momentum eigenstate | p = 0 〉 reads
W0(x, p) =
1
2pi
δ(p),
where we have introduced the normalization factor 1/(2pi) such that the Wigner function integrated over
all momenta and over one spatial period is normalized to unity.
After one kick, the Wigner function
W1(x, p) =
1
2pi
∑
r
Sr(κ;x) δ (p+ rk-/2) . (21)
can be viewed as a stack of delta function walls aligned parallel to the x–axis. Each wall is weighted with
the function Sr, Eq. (16), which imprints a x–dependent modulation of period 2pi onto the wall.
In contrast to the state vector description the Wigner function phase space not only enjoys contribu-
tions at p = lk- but also at p = (2l + 1)k-/2. However, the corresponding weight function S2l+1 displays
a position dependence such that the integral over it vanishes. Only for p = lk- = 2lk-/2 do we find a
nonvanishing contribution
pi∫
−pi
dxS2l(κ;x) = 2piS
2
l (κ) (22)
as shown in Appendix A. As a consequence, the resulting momentum distribution
W1(p) =
pi∫
−pi
dxW1(x, p) =
∑
l
1
2pi
pi∫
−pi
dxS2l(κ;x)δ(p + lk) =
∑
l
S2l (κ)δ(p+ lk
- )
only involves momenta at integer multiples of k- in complete agreement with the state vector description.
After the second kick, the phase space distribution
W2(x, p) =
∑
s
Ss(κ;x)W1 (x− (p+ sk-/2) , p+ sk-/2) .
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is expressed in terms of the Wigner function W1, Eq. (21), after the first kick which after substitution
into this formula yields
W2(x, p) =
1
2pi
∑
s
∑
r
Ss(κ;x)Sr(κ;x− (p+ sk-/2))δ (p+ (r + s)k-/2) .
We first use the δ–function to replace the momentum p in the second expansion coefficient Sr by −(r +
s)k-/2. We then introduce the summation index l ≡ r + s and arrive at
W2(x, p) =
1
2pi
∑
l
Wl(x)δ (p+ lk-/2) .
with the distribution
Wl(x) ≡
∑
r
Sl−r(κ;x)Sr(κ;x+ rk-/2). (23)
5.2 Resonance
So far we have not specified the value of k- . When we now utilize k- = 4pi and recognize from the definitions,
Eqs. (14) and (16), of the generalized potential V and the expansion coefficients Sl the periodicity property
Sl(κ;x+ r · 2pi) = Sl(κ;x), the coefficient Wl reduces to
W
(+)
l ≡
∑
r
Sl−r(κ;x)Sr(κ;x)
In Appendix C we evaluate this sum analytically and find
W
(+)
l = Sl(2 · κ;x).
Hence, at a resonance, that is for k- = 4pi, the phase space distribution after the second kick reads
W2(x, p) =
1
2pi
∑
r
Sr(2κ;x) δ (p+ r · 2pi) . (24)
It is interesting to compare this expression with the phase space distribution
W1(x, p) =
1
2pi
∑
r
Sr(κ;x)δ(p + r · 2pi)
after the first kick which follows form Eq. (21) for k = 4pi. We note that the argument κ of the expansion
coefficient has been replaced by 2κ.
This result has a simple explanation. During the free time evolution each point of the phase space
distribution follows the classical trajectory [12], that is each point at the momenta lk-/2 moves with
constant velocity and traverses during the time t = 1 the coordinate distance x = lk-/2 · 1. For k- = 4pi
this distance is one or an integer multiple of 2pi. Subsequent to this movement, the next kick occurs. The
associated displacement with x–dependent weight functions Sl(κ;x) is therefore in phase with the freely
propagated phase space distribution and adds up coherently.
We can continue the iteration of the Wigner function by starting from the distribution, Eq. (24) after
the second kick and we find following the above arguments the distribution
W
(+)
l (x) ≡
∑
r
Sl−r(κ;x)Sr(2κ;x).
In Appendix C we have calculated this sum and find the Wigner function
W3(x, p) =
1
2pi
∑
r
Sr(3κ;x) δ (p+ r · 2pi) .
By induction the Wigner function after the N -th kick reads
WN (x, p) =
1
2pi
∑
r
Sr(Nκ;x) δ (p+ r · 2pi) .
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We conclude this section by using this Wigner function to calculate the momentum distribution
WN (p) after N kicks by integrating over position. We recall that this integration over x eliminates the
odd momenta, that is
WN (p) =
∑
l
1
2pi
pi∫
−pi
dxS2l(Nκ;x)δ(p+ l · 4pi) =
∑
l
S2l (Nκ)δ(p+ l · 4pi). (25)
Here we have used the integral relation, Eq. (22) for the coefficients S2l.
The result Eq. (25) is in complete agreement with the distribution, Eq. (20), obtained in the state
vector picture.
5.3 Anti–resonance
Another interesting case occurs for k- = 2pi. This so–called anti-resonance [19, 20] results from the
symmetry of the potential and manifests itself in an oscillating mean energyE, that is E oscillates between
the initial energy and the energy 〈F 2〉K/2 after the first kick. Again, we analyze this phenomenon in
phase space.
According to Eq. (23) the distribution Wl after the second kick reads for k- = 2pi
Wl =
∑
r
Sl−r(κ;x)Sr(κ;x+ rpi).
In Appendix C we calculate this sum and find Wl = δl,0 which yields the Wigner function
W2(x, p) =
1
2pi
δ(p).
Hence, the Wigner function after two kicks matches exactly the initial Wigner function. Indeed, the
free time evolution between the first and second kick has propagated the contributions at the momenta
lk-/2 by lpi along the x direction. When the second kick occurs, all contributions for the momenta lk-/2
interfere destructively except for the case l = 0 where all contributions interfere constructively.
6 Conclusions and Outlook
In the present paper we have studied various aspects of the quantum dynamics of a kicked particle.
In Wigner phase space the time evolution is a sequence of shearing the Wigner distribution along the
position axis and displacing it along the momentum axis with position dependent weight factors Sl(κ;x).
As a first application of this formalism we have revisited the physics of resonances and anti–resonances.
However, this approach is also useful when we study the influence of corners in the kicking potential [21]
on dynamical localization.
Resonances and anti–resonances occur for the special choice k- = 4pi and k- = 2pi, respectively, of the
scaled Planck’s constant. However, an interesting situation emerges for k- being a rational multiple r/s of
4pi. Here the free time evolution shifts each displaced contribution at p = lk-/2 by an amount of 2pil · r/s.
Therefore, consecutive contributions cannot add up fully coherently due to the different spatial shifts of
the x-dependent weighting functions Sl(κ;x). It is interesting to note that this analytical treatment also
includes the limit r, s → ∞ with r/s ≈ const. which corresponds to the limit of localization. Here the
contributions of the Wigner function can never interfere coherently and dynamical localization appears,
that is the broadening of the momentum distribution is coming to a halt. However, this analysis is beyond
the scope of the present paper and will be published elsewhere.
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A Properties of Wigner Expansion Coefficients
In this Appendix we relate the coefficients
Sl(κ) =
1
2pi
pi∫
−pi
dξ eilξe−iκV (ξ)
emerging from the map of the state vectors to the functions
Sl(κ;x) =
1
2pi
pi∫
−pi
dy eilye−iκV (x+y)eiκV (x−y) (26)
from the Wigner map. Moreover, we calculate the integral of Sl(κ;x) over one spatial period. This
quantity emerging establishes a crucial connection between Sl(κ) and Sl(κ;x).
We start the discussion by first noting that both functions are Fourier coefficients. Indeed, the
coefficients Sl result from the expansion of exp[−iκV (x)] whereas Sl come from exp[−iκV(x, y)] where
V(x, y) ≡ V (x+ y)− V (x− y). For anti–symmetric potentials V (−x) = −V (x) we find V(0, y) = 2V (y)
which establishes the connection
Sl (κ; 0) = Sl (2κ)
between the two expansion coefficients.
Moreover, it is also important that due to the anti–symmetry V (−x) = −V (x) of the potential and
the resulting anti–symmetry V(x,−y) = −V(x, y) of the generalized potential both functions Sl and Sl
are purely real.
The integral
Il ≡
pi∫
−pi
dxSl(κ;x)
over the expansion coefficients Sl(κ;x) brings out a deep connection with Sl. Indeed, when we substitute
the expression Eq. (26) for Sl into the definition of Il and use the Fourier representations, Eq. (8), of
exp[−iκV (x+ y)] and exp[iκV (x − y)] we arrive at
Il =
∑
r
∑
s
SrSs
1
2pi
pi∫
−pi
dx e−i(r−s)x
pi∫
−pi
dy ei(l−r−s)y.
The integration over x yields the condition r = s and thus
Il =
∑
r
S2r
pi∫
−pi
dy ei(l−2r)y.
Hence, we find
I2s+1 =
pi∫
−pi
dxS2s+1(κ;x) = 0
and
I2s =
pi∫
−pi
dxS2s(κ;x) = 2piS
2
s (κ).
For all odd values l the integral of Sl over one period vanishes, whereas for all even values this integral
produces the square of the coefficients Sl of the state space mapping. This feature guarantees that the
interference terms in phase space vanish when integrated over position.
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B Momentum spread
In this Appendix we evaluate the sum
I(z) ≡
∞∑
l=−∞
l2S2l (z)
containing the expansion coefficients
Sl (z) =
1
2pi
pi∫
−pi
dx eilxe−izV (x) (27)
of the state vector map. This sum determines the spread of the momentum at the main resonance.
When we substitute the definition, Eq. (27), of the expansion coefficients Sl(z) into the sum and
exchange integration and summation we arrive at
I(z) =
1
4pi2
pi∫
−pi
dx′
pi∫
−pi
dx
[∑
l
l2eil(x+x
′)
]
e−iz[V (x)+V (x
′)]. (28)
The representation ∑
l
eilx = 2pi
∑
ν
δ(x+ 2piν) (29)
of a comb of delta functions allows us to express the term in the square brackets in Eq. (28) as the second
derivative of the delta function, that is
∑
l
l2eil(x+x
′) = −2pi
∑
ν
∂2
∂x2
δ(x+ x′ + 2piν).
The derivative can be shifted to the other x–dependent part e−izV (x) of the integrand. When we integrate
over the remaining delta function we find
I(z) = −
1
2pi
pi∫
−pi
dx e−izV (−x)
d2
dx2
e−izV (x).
Here we have recognized that the integration only extends over a single interval of 2pi which reduces the
summation over ν to the term ν = 0.
The symmetry V (−x) = −V (x) of the potential yields
I(z) =
1
2pi
pi∫
−pi
dx
(
z2
[
d
dx
V (x)
]2
+ iz
d2
dx2
V (x)
)
.
Due to the anti–symmetry of the potential the second term of the integral does not contribute and we
obtain the result
I(z) =
∞∑
l=−∞
l2S2l (z) = z
2 · 〈F 2〉.
Here we have introduced the average
〈F 2〉 ≡
1
2pi
pi∫
−pi
dx
[
d
dx
V (x)
]2
of the square of the force F = −dV/dx acting on the particle.
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C Resonance and Anti–resonance
For the phase space analysis of the resonance we need to evaluate the sum
W
(+)
l ≡
∞∑
r=−∞
Sl−r(κ;x)Sr(κ
′;x). (30)
The anti–resonance involves the sum
W
(−)
l ≡
∞∑
r=−∞
Sl−r(κ;x)Sr(κ;x+ rpi). (31)
We start our discussion with the sum W
(−)
l and first show that it is closely related to the sum W
(+)
l .
For this purpose we introduce the new integration variable y¯ ≡ −y in the expansion coefficient
Sr(κ;x) ≡
1
2pi
pi∫
−pi
dy eirye−iκ[V (x+y)−V (x−y)] (32)
which yields
Sr(κ;x+ rpi) =
1
2pi
pi∫
−pi
dy¯ ei(−r)y¯e−iκ[V (x+rpi−y¯)−V (x+rpi+y¯)].
Due to the periodicity properties V (x + 2mpi) = V (x) and V (x + (2m + 1)pi) = −V (x) of the potential
we find the symmetry relation
Sr(κ;x+ rpi) = S−r(κ;x)
which brings the sum W
(−)
l into the form
W
(−)
l =
∞∑
r=−∞
Sl−r(κ;x)S−r(κ;x).
It is therefore convenient to evaluate the sums
C
(±)
l ≡
∞∑
r=−∞
Sl−r(κ;x)S±r(κ
′;x).
For this purpose we substitute the definition of Sr, Eq. (32), into the sum and interchange the
summation and integration which leads to
C
(±)
l =
1
4pi2
pi∫
−pi
dy
pi∫
−pi
dy′
{∑
r
e−ir(y∓y
′)
}
eilye−i[κV(x,y)+κ
′V(x,y′)].
The sum in the curly brackets represents a comb of delta functions, Eq. (29), which allows us to perform
the integral over y′, that is
C
(±)
l =
1
2pi
pi∫
−pi
dy eilye−i(κ±κ
′)V(x,y) = Sl(κ± κ
′;x). (33)
Here we have used the symmetry V(x,−y) = −V(x, y) following from the definition, Eq. (14), of V .
Hence, in the sum W
(+)
l defined in Eq. (30) for a resonance the parameters κ and κ
′ add. At an
anti–resonance the sum W
(−)
l , Eq. (31), contains only the single parameter κ. Since the difference of κ
and κ′ = κ appears in the explicit expression, Eq. (33), for C
(−)
l we find
W
(−)
l = Sl(0;x) =
1
2pi
pi∫
−pi
dy eily = δn,0
where δl,0 denotes the Kronecker–delta.
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